


In [YaSi93b], a result similar to (23) is also established.
However, the E.B.B. decay parameters for their output pro-
cesses are obtained in a recursive manner such that they
depend on the E.B.B. decay parameters of the previous out-
put processes in a feasible ordering. Moreover, as their ar-
gument is based on a relation on the output processes, they
cannot take advantage of the independence assumption® of
the input processes to obtain a better bound.

5 FEASIBLE PARTITION AND RATE
PROPORTIONAL PROCESSOR SHARING

In the analysis of last section, we observe that the backlog
and delay bounds of the i-th session in a feasible ordering
with respect to {p!}1<i<n only depend on the sessions before
it in the ordering, and not on the sessions after it. Therefore
the position of a session in a feasible ordering affects the
probability bounds we obtain. In general, there are many
feasible orderings associated with the sessions. These order-
ings are essentially determined by the values of p;/¢;’s. This
gives rise to a partition of the sessions defined recursively as
follows:
First,
1

E] 1¢J

In other words, a session is in H; if its long term upper rate,

pi, is no more than its guaranteed backlog cleanng rate, g.
Suppose Hi,..., Hs are defined, but H¥ := H; U-

H, #{1,2, ...,N}, then Hy ;1 is defined such that

1
<e=—(1- ;).
Ejgfqd’i( ZP)

: k
JEH]

ic H, lf (28)

i€ Hyp if 22 (29)
éi

Let # = {Ha,..., HL} be the partition defined as above such
that HyU---UHg = {1,2,...,N}. We call such a partition
the feasible partition induced by {¢i}1<i<n and {pi}1<i<n.
From the definition, we see that for any ¢ € Hy41,

(- Y s cs—a0-Y n)

D jarr-1 b
JEH, jeH" 1 jeH»

30

The notion of feasible partition carries with it sev(era)l
nice properties. As it is defined in terms of {¢i}1<i<n and
{pi}1<i<n only, the partition class to which a session be-
longs will not depend on the €;’s. Moreover, we see that in
terms of the effect on backlog and delay of other sessions, we
can regard sessions in H} as a single aggregate session with
e = E.'GH,, pi. We call this aggregate of sessions in Hp

the aggregate session E.For0<0< miniex, o, its associ-
ated arrival process is a (ﬁ.’,e“"(a),9)-E.B.B. process where
51(0) = Yicn, 6i(6) [YaSi93a]. Define $p = 3, cp &4
then {pr}1<k<z and {Pr}1<r<z induce a unique feasible or-
dering on these L aggregate sessions such that

pt
<5 et 6

51 1

El 1¢'
d (1_;’"“ <

A nice property about this unique ordering is that it is in-
variant under small increases in p;’s (see {ZTK94]).

<—< < B g (31)

'9~x|‘bz
-

(32)

®[YaSi93b] does not make the independence assumption as we do
in this paper. As we point out here, this assumption is not useful to
them.
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Using the notion of feasible partition, we can prove better
bounds than those obtained in the previous section. For
sesgions in H,;, we can prove, even without assuming that
Aiy,...,An are independent, that

Theorem 7 For any session i be in Hy, let 0 < 6 < a,
then at any time t, for any q > 0,

Pr{Q:i(t) > q} < Ale™™* (33)
and for anyd > 0,
Pr{D;(t) > d} < Ale~%%¢ (34)
where
» OA;ebP A%
A} = < )
P (@i — 0)(1— e=%9:i=r)) = (a; — 0)(gi — pi) (35)

For sessions in partition classes other than Hy, better bounds
can also be obtained. The details are found in [ZTK94).

An important class of GPS assignment is the so-called
Rate Proportional Processor Sharing (RPPS) GPS assign-
ment. When ¢; = pi, for 1 < i« < N, it can be easily
shown that the feasible partition comprises of only one class,
H, = {1,...,N}. Therefore Theorem 7 applies to all ses-
sions, yielding simple statistical bounds. These bounds only
depend on the source traffic characterization of the session,
not on those of other sessions. Hence, under the RPPS GPS
assignment, from a bounding standpoint, each session ap-
pears to behave “independently” even though it may be cor-
related with other sessions. We will encounter the RPPS
GPS assignment again under the network setting in the next
section.

6 STATISTICAL ANALYSIS OF GPS
NETWORKS

6.1 PRELIMINARIES

A network of GPS servers is a directed graph in which nodes
represent GPS servers, and arcs represent links between GPS
servers. We assume there are N sessions using the network.
Each session ¢ traffic at the network edge is modeled as a
(pi, Ai, i) E.B.B. process as before. The route traversed by
session 1 is a path in the graph and is denoted by P(z). Let
P(i,k) be the kth node in P(i) and K; be the total number
of nodes in P(i). At server m, the rate of the server at node
m is denoted by r™. The value of ¢; at node m is given by
¢7 for all «+ € I(m) where I(m) is the set of sessions that
are served by the server at node m.

For 1 <i < N, let A; be the random process describing
the session ¢ traffic before entering the network, and AE"),
1 < k € K;, be the random process describing the session
1 before it enters the kth node along its route. ASI) = A;.
Correspondingly, let S,(k), k=1,...,Ki, be the random pro-
cess that describes session 1 traffic after it has been served by
k nodes, i.e., the session i departure process at node P(1,k).
Note that S'(k) = AEHI) is the session i arrival process at
node P(i,k+1). S5 is the random process that describes
the session 1 traffic that leaves the network. Q?’)(t) (resp.
D{*¥)(t)) denotes the session i backlog (resp. delay) at node
P(i, k) at time t. Moreover, Q:(t) denotes the total amount
of session 1 traffic buffered in the network at time t and
D;(t) the total delay experienced in the network by a ses-
sion i bit that arrives to the network’s edge at time t. A
network system (resp. session i) busy period is defined to
be the maximal interval B ( resp. B;) such that for every



T € B (resp. T € B;), there is at least one server in the
network that is in a system (resp. session i) busy period at
time .

We say a GPS network is stable if for each session 7 in

the network,
lim Pr{Q:(s) > q} =0 (36)
g0

and
lim Pr{D;(t) > d} =0. (37)
do oo

If for every session in the network, the backlog and delay pro-
cesses at each node are exponentially bounded (E.B.) pro-
cesses, then the network is stable by definition. If a network
of GPS servers is acyclic, by the input-output relation es-
tablished in Section 4, given that Ay, ..., Ax are E.B.B.
processes, the network is stable. However for a cyclic net-
work, stability is generally much harder to establish. In the
next section, we will show that under a broad class of GPS
assignments a GPS network with arbitrary topology is sta-
bleif 3, ex(m) Pi < r™ for all nodes m in the network. This
class of GPS assignment is called Consistent Relative Session
Treatment (CRST) and it is defined” as follows.

Recall that at each node m, any GPS assignment
{6 }ic1(m), induces a feasible partition H™ = {H" }1<i<r.n
of the sessions in I(m). We say a set of GPS assignments
{7 }ic 1(m) for each m in the network is a Consistent Rela-
tive Session Treatment if there is a partition # = {Hi}1<i<s
of the N sessions in the network such that H is consistent
with H™ at each node m, i.e., for any ¢,5 € I(m), if they
are in the same class in H, then they are also in the same
class in H™. We call H the CRST partition of the sessions
in the network.

6.2 RATE PROPORTIONAL PROCESSOR
SHARING AND STABILITY OF CRST
GPS NETWORKS

A Rate Proportional Processor Sharing (RPPS) GPS assign-
ment in the network setting is such that, at every node m
and for every session i € I(m), ¢* = pi. As pi/¢7 = 1 for
any session ¢ and at each node m, there is only one class H;
encompassing all sessions. Hence an RPPS GPS assignment
is trivially a CRST GPS assignment.

Let gi" denote the backlog clearing rate for session 7 at
node m, i.e.,

gf"=-——¢::n —r™ (38)
Ziéi(m) 4’:‘
where r™ is the rate of the server at node m. Define

gi = Minmep() g7 - Then session 1 is guaranteed a backlog
clearing rate of g; at every node along its route. Further-
more, if EieI(m) pi < r™, then the RPPS GPS assignment
implies that g; > p;.

The following important observation is a restatement of
Lemma 3.2 in [Parekh92] which can be shown to hold also
in the case we are considering here.

Lemma 8 For every interval [1,t] that is contained in a
single session 1 network busy period, we have

ST (r,8) > gi(t — 7). (39)

7Our definition of CRST is slightly weaker than the one introduced
by Parekh and Gallager using the notion of “impede”. Under their
m

m
was - . P . .. e [
definition, if at node m session 1 impedes session j, i.e., ;},,— < ;1,';-,
< E)

but node m’, session j impedes session i, then this GPS assignment
is not CRST. However as long as session i and session j belong to
the same class of the feasible partition at every node they share, this
GPS assignment will still be CRST under our definition. On the other
hand, a CRST GPS assignment under their definition is clearly also
a CRST GPS assignment under our definition.

74

With the help of this lemma, we can prove the following
interesting result.

Theorem 9 If every session i in a RPPS GPS network
is a {pi,Ai,ai)-E.B.B. process, and at every node m,

jerom) Pi < r™ where r'™ is the rate of the server at node
m. Let 0 < 0 < «, then at any time t, for anyq > 0,

Pr{Qi(t) > g} < Afe™™ (40)

and for any d > 0,

Pr{D;(t) > d} < Ale %%d (41)

where A} is as defined in (35).

Proof: For 1 < i < N, consider a sample path A; of A;.
Define p! = p; + €; where €; = gi — p;. For any t > 0, let
7 be the first time before ¢t when there are no session 1 bits
backlogged in the network. From (5), noting that 8:(7) > 0,
and using Lemma 8, we have

Qi(t) = Ai(r,t) — S (1, 1)
< pi(t—7) 4+ 8(E) —gi(t—7)
< 4i(e).

As session 1 is guaranteed a backlog clearing rate of g;, hence

Dy(t) < L) &), (42)
g:i gi

For 0 < @ < a, applying (20), we have that for any q > 0,

Pr{Qi(t) > q} < Pr{di(t) > g} < Ale™*

and similarly for d > 0, Pr{D;(t) > d} < Pr{d:(t) > g:d} <

A:e—-og‘q. ]

This theorem reveals that under the RPPS GPS assignment,
the backlog and delay bounds are independent of the route
length and the topology of the network, a result analogous
to Parekh and Gallager’s deterministic result.

Actually, Theorem 9 applies to any session 1 that is guar-
anteed a backlog clearing rate of g; > p; at all nodes along
its route, regardless of what GPS assignment is used.

For a general CRST GPS network, using a version of
an input-output relation (without independent assumption)
that can be similarly established as in Section 4, we can
show recursively in the order of the CRST partition that
the departure processes at each node are E.B.B. processes
and the backlog and delay processes at each node are E.B.
processes (refer to [ZTK94] for details). Therefore,

Theorermn 10 Given that each session i in a CRST GPS
network is a (p;, Ai,a:)-E.B.B. process, then it is stable if
ZiGI(m) pi < r™ at each node m where r™ is the rate of the
server at node m.

6.3 A NUMERICAL EXAMPLE

In this section we present a numerical example to illustrate
the results we obtained for RPPS GPS networks. We con-
sider a simple three-node tree structured network (Figure 2)
as used in [YaSi93a]. The rate of the servers and the capacity
of the links are all assumed to be 1.

Suppose there are only 4 sessions in the network, two
sessions at node 1 and two sessions at node 2; all sessions
congregate at node 3. All of the four sessions are modeled
by Bernoulli processes with p; = %, P2 = 11—6, P = 11—0 and
ps = ;— respectively. Using the method of [YaSi93a], with
upper rates py = 0.2, p; = 0.1, ps = 0.15 and ps = 0.3, the
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Figure 2: An Example Network.

Lp | o [A] «]
0.125 [0.2 |1 [ 1.06
0.0625 | 0.1 | 1 | 0.96
0.1 0.15 | 1 | 0.88
002 |03 |1 104

Table 1: E.B.B. Characterization of the Session Traffic

E.B.B. characterizations for the Bernoulli processes of the
four sessions are listed in Table 1. Under the RPPS GPS
assignment, ¢7° = p; for 1 = 1,2,3,4 and for m = 1,2,3.
Taking 0 to be %a; for i = 1,2, 3, 4 and applying Theorem 9,
we obtain bounds on the tail distributions of delay for the
four sessions as shown in Figure 3. The graph for the bounds
on the tail distributions of backlog for the four sessions looks
similar, but due to space limitation is not included.

We are currently conducting simulations to obtain ex-
perimental data to compare with the theoretical bounds we
derived in this paper. We are mostly interested in a com-
parison of the theoretical bounds with experimental data
obtained from simulations of more complex networks with
more realistic session traffic data such as that studied in
[YKTH93]. Here it is worth pointing out that how well the
theoretical bounds are going to match the experimental data
will, in large part, depend on how well the E.B.B. process
characterizes the source traffic. There are several tradeoffs
involved in the choices of the E.B.B. parameters, p, A and a.
Moreover, the E.B.B. characterization of the source traffic
such as the well-studied two-state on-off Markov process for
modeling voice and video traffic [e.g, Brady68, HL86, SW86,
MASKRAS8] is closely related to the theory of effective band-
width [e.g., EM93, GAN91, KWC93].

7 CONCLUSION AND FUTURE WORK

In this paper we studied the statistical behavior of the gen-
eralized processor sharing (GPS) scheduling discipline us-
ing exponentially bounded burstiness (E.B.B.) processes as
source session traffic models and derived upper bounds on
the tail distributions of session backlog and delay, both for
a single GPS server in isolation and RPPS GPS networks
with arbitrary topology. We also established the stability
of CRST GPS network with E.B.B. arrival processes. Our
analysis is based on the careful examination of the sample
path behavior of GPS servers. Although our main focus is
on GPS, the results can be easily extended to packetized
version of GPS —PGPS (cf., [YaSi93b)).
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Figure 3: Bounds on Delay Tail Distribution in
Logscale.

Our study places no restriction on the arrival process
for each session other than that it has to be bounded by
an E.B.B process, which appears to include most processes.
An unavoidable disadvantage associated with the use of a
general traffic model is that the bounds based on such a
model are generally loose. For example, several papers (e.g.,
[LNT94, BD94]) which assumed a more specific traffic model
have appeared and improved those results of [Chang93,
YaSi93a] obtained for a general traffic model. In the case
of the GPS scheduling dsicipline, it should be possible to
obtain better bounds for Markov Modulated Arrival Pro-
cesses and Markov Modulated Fluid Model. This issue is
currently under investigation.

Another direction of possible future work is to investi-
gate how to integrate GPS with other scheduling policies.
Clark, et al. [CSZ92] argued that GPS is a good schedul-
ing discipline to provide isolation among sessions, but can
be too strict to allow sessions, especially sessions with sim-
ilar characteristics, to maximally exploit the multiplexing
gains. The concept of the feasible partition of sessions intro-
duced in this paper provides some ideas as how to combine
GPS with other scheduling policies to alleviate this problem.
We observe that bounds for a session in a feasible partition
class H; only depend on previous classes H;, Il < k. If we
use, say, FIFO, to schedule sessions within a class, then the
bounds for the aggregate sessions can be used as the worst-
case statistical bounds for each session within a class, but
sessions within a class can exploit the multiplexing gains due
to FIFO. In general, it may be desirable to have as few classes
as necessary to minimize the degradation of the performance
bounds in the order of feasible partition. The advantage of
using feasible partitions to group sessions is that sessions
within a class will have similar characteristics in terms of
how they are treated, i.e., the value of %:L For example, we
may have three classes. In the first class, the sessions are as-
signed “peak rate” p;, i.e., ﬁl = 1. In the second class, the

sessions are assigned around 75% of the “peak rate” p; , i.e.,

£+ = 1/0.75 = 4/3. In the third class, the sessions are as-

signed around half of the “peak rate” g, i.c., %‘L ~1/0.5 = 2
for 4 in class 3. GPS scheduling discipline is used to provide
protection between the classes. For the sessions within a
class, FIFO or other scheduling disciplines can be used to
exploit multiplexing gains. Moreover, the well-studied no-
tion of effective bandwidth can be applied directly to FIFO



sessions within a class for call admission control.
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A APPENDIX

Proof of Lernma 1: Induction on i. When 1 = 1, let 7 be
the beginning of session 1 busy period that contains t, then
Qi1(7r) = 0, and n1(7) = —d1(7) < 0. By the definition of
GPS and the fact that p] < fl‘gﬂ—[, we have

d=1"7

(=) > At 7).

PO

S]_ (7‘, t) >

Then from (7),
m(t) < m(r)+p1(t—7) —

Now we assume the lemma is true for 1,2,...,72 — 1, and
show that it is also true for i. First, if n;(t) < 0, then
by the induction hypothesis, the claim follows easily. The
case where n;(t) > 0 is a bit harder. Note that ni(t) > 0
implies that Q;(t) > 8i(t) > 0. Let 7 be the beginning of a
session ¢ busy period that contains ¢, thus Q;(r) = 0, and
ni(1) = —d:(7) < 0. From (7),

Si(r,t) < pit —7) -
Let z > 0 be such that

Si(1,t) = pi(t = 7) — =.

o (- ZPJ)’

Sl(T,t) SO.

m(t) < pi(t — 7).

(43)
As

E,,

from (43), we have

Si(rt) < = — (44)

p_, t - T — .
Z, .¢: Z
Moreover, by the definition of GPS, for any j,

big .
¢]SJ( 7t)‘

Y st < Z %)s (m,8)

Using (44), we have
Ysitny<E-ne-Y -2y %
i=t i=1 =i
i—1
<@E-m)-) s -
7=1

Si(r,t) >

Thus

(45)
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On the other hand, since the system is in a system busy
period,

i Si(r,t)=t—7— is,-(‘r, t)
From (45) . ”
Zs, (ry8) > (t—7) ip,ﬂc (46)
Adding (43) to (46) yields
25:'(7, t) > (t- T)ﬁ;p;' (47)

Now from (7), for 1 < 5 <14,
n;(t) < mj(7) + oj(t — 7) —
Summing over j and using (47), we have

Zn,(t)<2n, )= Zm(f +mi(7) <0

i=1

Si(r,t).

where the last inequality follows from the induction hypoth-
esis and the fact that n;(7) < 0. This concludes the proof
for the lemma. .



